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Abstract 

In this paper, we study the Abreu equation on toric surfaces with 
prescribed edge-nonvanishing scalar curvature on Delzant ploytope. In 
particular, we prove the existence of the extremal metric when relative 
K-stability is assumed. 
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1 Introduction 

Extremal metrics, introduced by E. Calabi, have been studied intensively in 
the past 20 years. There are three aspects of the topic: sufficient conditions 
for existence, necessary conditions for existence and uniqueness of extremal 
metric. The necessary conditions for the existence are conjectured to be 
related to certain stabilities. There are many works on this aspect ( fl6\ 
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[211I251EI1E2] ) • The uniqueness was completed by Mabuchi( [IS]) and Chen- 
Tian( HSlin]) 

On the other hand, there has been no much progress on the existence of 
extremal metrics or Kahler metrics of constant scalar curvature. One reason 
is that the equation is highly nonlinear and of 4th order. The problem is to 
solve the equation under certain necessary stability conditions. It was Tian 
who first gave an analytic "stability" condition which is equivalent to the 
existence of a Kcihler-Einstein metric ( [52] ). In [52], Tian also defined the 
algebro-geometric notion of K-stability. Then in [25], Donaldson generalized 
Tian's definition of K-stablilty by giving an algebro-geometric definition of 
the Futaki invariant and conjectured that it is equivalent to the existence of a 
cscK metric. The problem may become simpler if the manifold admits more 
symmetry. Hence, it is natural to consider the problem on toric varieties first. 
Since each toric manifold M^" can be represented by a Delzant polytope in 
M", by Abreu, Burns and Guillemin's work, the 4th-order equation can be 
transformed to be an equation of real convex functions on the polytope. In 
a sequence of papers, Donaldson initiated a program to study the extremal 
metrics on toric manifolds: since each toric manifold M"^^ can be repre- 
sented by a Delzant polytope in R"^, by Abreu, Burns and Guillemin's work, 
the 4th-order equation can be transformed to be an equation of real convex 
functions on the polytope, which is known as the Abreu equation; Donaldson 
formulated K-stability for polytopes and conjectured that the stability im- 
plies the existence of the cscK metric on toric manifolds. In [23] , Donaldson 
also proposed a stronger version of stability which we call uniform stability 
in this paper (cf. Definition 13.21) . The existence of weak solutions was solved 
by Donaldson under the assumption of uniform stability( [25]). Note that 
in [13], we prove that the uniform stability is a necessary condition. On the 
other hand, Zhou-Zhu( [BII]) introduced the notion of properness on the mod- 
ified Mabuchi functional and showed the existence of weak solutions under 
this assumption. When the scalar curvature K > Q and n = 2, all these 
conditions are equivalent. The remaining issue is to show the regularity of 
the weak solutions. In a sequence of papers (cf [25H2Z]), Donaldson solved 
the problem for the metrics of constant scalar curvature on toric surfaces by 
proving the regularity of the weak solutions. 

In this paper, we show the existence for metrics of any prescribed scalar 
curvature on Delzant polytope (including extremal metrics) under the as- 
sumption of uniform stability. As we know, though the equation of ex- 
tremal metric is on the complex manifolds, for the toric manifolds, the 
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equation can be reduced to a real equation on the Delzant polytope in 
real space. The second author with his collaborators develops a frame- 
work to study one type of 4-th order PDE's which includes the Abreu equa- 
tion(cf. [T01|1I1|351|3MI1I11H16]). We call this the real affine techzmque. This 
is explained in |9]. The challenging part is then to study the boundary behav- 
ior of the Abreu equation near the boundary of polytope. For the boundary 
of polytopes, they can be thought as the interior of the complex manifold. 
The important issue is then to generalize the affine techniques to the complex 
case. In [9], we made an attempt on this direction, in particular, we obtain 
the estimate of Ricci curvature /C near the edges in terms of the bound of 
H{ci. Theorem I4.13p . We call the technique the complex affine technique. 
The real/complex affine techniques play an important role in both [S] and 
this paper. 

The main theorem of this paper is 

Theorem 1.1 Let {M,u) be a compact toric surface and A he its Delzant 
polytope. Let K G C°°(A) he an edge-nonvanishing function. If {A,K) is 
uniformly stahle, then there is a smooth T'^ -invariant metric on M that solves 
the Ahreu equation. 

For the definitions of the edge-nonvanishing function and uniform stability, 
readers are referred to Definition 12.61 and Definition 13.21 respectively. For 
any Delzant polytope A, there is a unique affine linear function K such 
that Ck{u) = for all affine linear functions u (for the definition of Ck see 
§3.1). On the other hand, by a result of Donaldson (cf. Proposition 13. 3p . 
we know that any relative K-polystable (A, K) with if > is uniformly 
stable. Recently, X.-J. Wang and B. Zhou could remove the condition K > 
for linear functions i^r(see [58]). Hence, as a corollary, we get the following 
Theorem. 

Theorem 1.2 Let M he a compact toric surface and A he its Delzant poly- 
tope. Let K G C°°(A) he an edge-nonvanishing linear function. If {M,K) is 
relative K-polystahle then there is a smooth T'^ -invariant metric on M with 
scalar curvature K . 

The paper is organized as follows: in §2] and §31 we review the background 
and formulate the problems. In particular, in §3.21 we explain that Theorem 
11.11 can be reduced to Theorem 13. 7[ The proof of Theorem 13.71 occupies the 
rest of the paper. 
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2 Kahler geometry on toric surfaces 

We review Kahler geometry over toric surfaces. We assume that readers are 
familiar with toric varieties. The purpose of this section is to introduce the 
notions used in this paper. 

A toric manifold is a real 2n-dimensional Kahler manifold (M, u) that 
admits an n-torus T" Hamitonian action. Let r : M — )■ t* be the moment 
map; here t = M" is the Lie algebra of T" and t* is its dual. The image 
A = r(M) is known to be a polytope( [23j). In the literature, people use A 
for the image of the moment map. However, for convenience in this paper, 
we always assume that A is an open polytope. A determines a fan S in t. 
The converse is not true: S determines A only up to a certain similitude. 
M can be reconstructed from either A or S(cf. Chapter 1 in [28] and j30j). 
Moreover, the class of u can be read of A. Hence, the uncertainty in A reflects 
the non-uniqueness of Kahler classes. Two different constructions are related 
via Legendre transformations. The Kahler geometry appears naturally when 
considering the transformation between two different constructions. This was 
explored by Guillemin( [29]). We will summarize these facts in this section. 
For simplicity, we only consider toric surfaces, i.e, n = 2. 

2.1 Toric surfaces and coordinate charts 

Let E and A be a pair consisting of a fan and polytope for a toric surface 
M. For simplicity, we focus on compact toric surfaces. Then A is a Delzant 
polytope in t* and its closure is compact. 

We use the notations in §2.5( [28j) to describe the fan. Let E be a fan 
given by a sequence of lattice points 

{vo,Vi, . . .,Vd-l,Vd = Vq} 
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in counterclockwise order, in = C t such that successive pairs generate 
N. 

Suppose that the vertices and edges of A are denoted by 

Here 'di = iiH ii+i. 

By saying that S is dual to A we mean that Vi is the inward pointing 
normal vector to ii of A. Hence, S is determined by A. Suppose that the 
equation for is 

m-={^,v,)-\, = o. (2.1) 

Then 

A = {ei/i(o>o, o<t<d-i} 

There are three types of cones in S: a 0-dimensional cone {0} that is 
dual to A; each of the 1-dimensional cones generated by Vi that is dual to 
ii] each of the 2-dimensional cones generated by {vi,Vi+i} that is dual to ■t^j. 
We denote them by Cone^, Conei^ and Cone^. respectively. 

It is known that for each cone of S, one can associate to a complex 
coordinate chart of M (cf. §1.3 and §1.4 in [28]). Let Ua, ^e, and U^. be the 
coordinate charts. Then 

Ua = (C*)2; ^ C X C*; U^^ ^ C^. 

In particular, in each U^^ there is a divisor {0} x C*. Its closure is a divisor 
in M, we denote it by Z^^. 

Remark 2.1 C* is called a complex torus and denoted by T'^. Let z be its 
natural coordinate. T = is called a real torus. 

In this paper, we introduce another complex coordinate by considering the 
following identification 

r ^ M X 2v^T; w = log z^. (2.2) 

We call w = X + 2y/—ly the log-affine complex coordinate of C* . 
When n = 2, we have 

(C)^ = t X 2v^T^ 

Then (^1,2:2) on the left hand side is the usual complex coordinate; while 
{wi,W2) on the right hand side is the log-affine coordinate. Write Wi = 
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Xi + 2V— lyi- Then {xi^x^) is the coordinate oft. In the coordinate {wi,W2), 
the action is given by 

(ii, ^2) • (wi, W2) = (xi + 2v^(yi + ti),X2 + 2v^(2/2 + ^2)), 

where (^1,^2) e T^. 

Wc make the following convention. 

Remark 2.2 On different types of coordinate charts, we use different coor- 
dinate systems: 

• on = C^, we use the coordinate {zi,Z2); 

• on = C X C*; we use the coordinate {zi,W2); 

• on Ua — (C*)^; we use the coordinate (wi,W2), or (zi,Z2), where Zi — 
e^,i = 1,2. 

Reiiicirk 2.3 Since we study the T"^ -invariant geometry on M, it is useful to 
distinguish a representative point of each T'^-orbit. Hence for (C*)^, we let 
the points t x 2^/—l{l} be the representative points. 

2.2 Kahler geometry on toric surfaces 

One can read off the class of the symplectic form of M from A. In fact, 
Guillemin constructed a natural Kahler form Uo and we denote the class by 
[cuo] and treat it as a canonical point in the class. We call it the Guillemin 
metric. 

For each T^-invariant Kahler form u e [uo], on each coordinate chart, 
there is a potential function (up to linear functions) . Let 

g = {qa, Qii, 9^i\0 <i<d-l} 

be the collection of potential functions on Ua, U^^ and U^. for Uo- For sim- 
plicity, we set g — gA- 

Let C^{M) be the set of the smooth T^-invariant functions of M. Set 

C^{M,Uo) = {f|f = g + 0, e C^i(M) and Uf > 0} . 

Here 

f = {(/a, fii: f^i)\f. = c/. + 0} and Uf = ujg + ^^^ddcp. 
In the definition, • represents any of A, 
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Remark 2.4 Let (f) G C^(M) and g be any of qa, 5'^, Q'di- Set f = g + (p. 
Consider the matrix 

k 

Though this is not a globally well defined matrix on M, its eigenvalues are 
globally defined. Set Uf to be the set of eigenvalues and Hf = det TlJ^. These 
are global functions on M. 

Within a coordinate chart with potential function /, the Christoffel symbols, 
the curvature tensors, the Ricci curvature and the scalar curvature of the 
Kahler metric Uf are given by 
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-pk _ rkl ^fil _ rkl ^fil 

1=1 ^ 1=1 ^ 

% = (log det (/,,)) , S = -J2 PR^- 

respectively. When we use the log-affine coordinates and restrict to t, 

^« = -a!k, '^")) ■ ^ = - E /"ai- (/«)) • 

We treat S as the operator of scalar curvature of / and denote it by S{f). 
Set 

K, = \\Rtc\\f+\\VRic\\} + \\V^mc\\], (2.3) 
iy = det(/,f), ^= ||Vlogiy||J. (2.4) 

On the other hand, we denote by T^^, R^j and Rij the connection, the 
curvature and the Ricci curvature of the metric Uo respectively. They have 
similar formulas as above. 

When focusing on Ua and using the log-affine coordinate (cf. Remark 
12. ip . we have f{x) = g{x) + (pix). We find that when restricting to = 

X 2-\/--T{l}, the Riemannian metric induced from ojf is the Calabi metric 
Gf (cf. M). 

We fix a large constant Ko > 0. Set 

C^{M,Uo;Ko) = {f G C^{M,coo)\\S{f)\ < Ko}. 
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2.3 The Legendre transformation, moment maps and 
potential functions 

Let / be a (smooth) strictly convex function on t. The gradient of / defines 
a (normal) map V'^ from I to t*: 



is called the Legendre transform of /. We write u = L{f). Conversely, 



Note that the first map coincides with fl2.2p . Let u = L{f). It is known 
that u must satisfy a certain behavior near the boundary of A. In fact, let 
V = L{g), where g is the potential function of the Guillemin metric; then 

Theorem 2.5 (Guillemin) v{C,) = "^^klogli, where U is defined in (12. ip . 

Then u = v + ip, where ip G C°°(A). Set 

C°°(A,t;) = {u\u = v + il) is strictly convex ^ip G C°^(A)}. 

This space only depends on A and we treat f as a canonical point of the 
space. 

We summarize the fact we just presented: let f G C°°(M, Wq); then the 
moment map Xf is given by / = /a via the diagram (12. 5p and u = L{f) G 
C°°(A, v). In fact, the converse is also true. This is explained in the following. 

Given a function u G C°°{A,v), we can get an f G C°°(M, Wo) as the 
following. 



• on U^, is constructed in the following steps: (i), suppose that is 
the intersection of two edges ii and £2; we choose a coordinate system 
(^i!^2) on t* such that 




The function u on t* 



m(0 = x-^- f{x). 





(2.5) 



• On Ua, /a = L{u); 



1,2, Ac{^|e. >0,z 



1,2}; 
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then u is transformed to be a function in the format 

u' = ii log^i + ^iog^ + V''; 

(ii), /' = L{u') defines a function on t and therefore is a function on 
(C*)^ C in terms of the log-affine coordinate; (iii), it is known that 
/' can be extended over and we set to be this function; 

• on U^, the construction of is similar to The reader may refer to 
§2.51 for the construction. 

We remark that u and f = Ja are determined by each other. Therefore, all 
fg, fc can be constructed from /. From this point of view, we may write / 
for f . 

2.4 The Abreu equation on A 

We can transform the scalar curvature operator S{f) to an operator S{u) of 
u on A. Then S{u) is known to be 

where (f/*-^) is the cofactor matrix of the Hessian matrix (dfju), w = {det{df ju))~^, 
Here and later we denote df,u = jS-^- The scalar curvature function S on 
M? is transformed to a function S o V" on A. Then the equation S{f) = S 
is transformed to be 

S{u) = 5 o V". 

It is well known that Uf gives an extremal metric if and only if iS o V" is a 
linear function of A. Let K he a smooth function on A; the Abreu equation 
is 

S{u) = K. (2.6) 

Similarly, we set C°^(A, i;; il'o) to be the functions in u G C°^(A,i;) with 
\S{u)\<Ko. 

Definition 2.6 Let K be a smooth function on A. It is ca//ed edge-nonvanishing 

if it does not vanish on any edge of A. That is to say, for any edge i there 
exists a point on the edge such that K{^^^^) ^ 0. 

In our papers, we will always assume that K is edge-nonvanishing. 
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2.5 A special case: C x C* 



Let h* C t* be the half plane given by > 0. The boundary is the and 
we denote it by i^. The corresponding fan consists of only one lattice point 
V = (1,0). The coordinate chart is Uh* = C x C*. Let Z = Zt* = {0} x C* 
be its divisor. 

Let Vh* = 6 log,^i + Set 

C°°(h*, vu*) = {u\u = tih* + V' is strictly convex , ijj e C°°(h*)} 

and C°°{h*,Vh*; K^) be the functions whose S is less than Kq. 

Take a function u e C^{h* ,Vh*). Then / = L{u) is a function on t. 
Hence it defines a function on the C* x C* C Uh* in terms of the log-affine 
coordinate {wi,W2). Then the function /h(-2i,-u;2) '■= f{\og\z'l\,Re{w2)) ex- 
tends smoothly over Z, hence is defined on Uh*. We conclude that for any 
u e C°°(h*,t'h*) it yields a potential function /h on Uh*. 

Using vu* and the above argument, we define a function gy^ on Uh*. 



3 K-stability and Existence of Extremal Met- 
rics 



In a sequence of papers, Donaldson initiates a program to study the extremal 
metrics on toric manifolds. Here, we sketch his program and some of his 
important results. Again, we restrict ourself only on the 2-dimensional case. 



Let A be a Delzant polytope in t*. Most of the material in this subsection can 
be applied to general convex polytopes, or even convex domains. However, 
for simplicity we focus on the Delzant polytopes. 

For any smooth function X on A, Donaldson defined a functional on 



3.1 K-stability 



C°°(A): 





where Ck is the linear functional 




11 



where dn is the Lebesgue measure on and on each face F da to be a 
constant multiple of the standard (n — l)-dimensional Lebesgue measure 
(see p3] for details). In |23], Donaldson defined the concept of i^'-stability 
by using the test configuration (Definition 2.1.2 in [24j). Recall the definition 
of relatively K-polystability for toric manifolds(cf. |50]). 

Definition 3.1 [relatively K-polystable] Let K G C°^(A) be a smooth func- 
tion on A. [A,K) is called relatively K-polystable if Ck{u) > for all 
rational piecewise- linear convex functions u, and Ck{u) = if and only if u 
is a linear function. 

In this paper, we will simply refer to relatively K-polystable as polystable. 
We fix a point p E A and say u is normalized at p if 



By Donaldson's work, we make the following definition. 

Definition 3.2 {A,K) is called uniformly stable if it is polystable and for 
any normalized convex function u G C°^(A) 



for some constant A > 0. Sometimes, we say that A is [K, X) -stable. 
Donaldson proved 

Proposition 3.3 When n = 2, if {A, K) is polystable and K > Q, then there 
exists a constant A > such that A is {K, X) -stable. 

This is stated in |24j (Proposition 5.2.2). 
Conjecture 7.2.2 in [J^ reads 

Conjecture 3.4 // {A,K) is polystable, the Abreu equation S{u) = K ad- 
mits a solution in Coo (A), where Coo (A) consists of smooth convex functions 
on A that are continuous on A. 

Note that the difference between Coo (A) and C°°(A, v) is that the second one 
specifies the boundary behavior of the functions. On the other hand, we 
proved in |l3] the uniform stability is necessary condition. Hence, related to 
the toric manifolds, we state a stronger version of Conjecture 13.41 for Delzant 
polytopes. 



u{p) > 0, S/u{p) = 0. 




uda 
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Conjecture 3.5 Let A be a Delzant polytope. If (A, K) is uniformly stable, 
the Abreu equation S{u) = K admits a solution in C°^(A,f), 

The conjecture for cscK metric on toric surfaces was recently solved by Don- 
aldson( [2S])- In this paper, we solved this conjecture on toric surfaces for 
any edge-nonvanishing function K. 

We need the following result proved by Donaldson. 

Theorem 3.6 (Donaldson |27| ) Suppose that A is {K, \)-stable. When 
n = 2, there is a constant Ci > 0, depending on X, A and \\S{u)\\co, such 
that II maxu — niinu||ioo < Ci. 

A A 

3.2 The Continuity Method 

We argue the existence of the solution to (12. 6p by the standard continuity 
method. 

Let K be the scalar function on A in Conjecture 13.51 and suppose that 
there exists a constant A > such that A is {K, A) stable. 

Let / = [0, 1] be the unit interval. At t = we start with a known metric, 
for example Uo (cf. Remark 13. 9p . Let Kq be its scalar curvature on A. Then 
A must be {Kq, Aq) stable for some constant Aq > (note that we allow that 
Ao = 0). At t = 1, set {Ki, Ai) = {K, A). On A, set 

Kt = tKi + (1 - t)Ko, At = tXi + (1 - t)Ao, 

it is easy to verify that A is {Kt, At) stable. Set 

A = {t\S{u) = Kt has a solution in C~(A, ■?;).} 

Then we should show that A is open and closed. Openness is standard by 
using Lebrun and Simanca's argument ( [271 l¥T]). It remains to get a priori 
estimates for solutions Ut = v + ipt to show closedness. However, for technical 
reasons, we are only able to prove closedness under the condition that K is 
an edge-nonvanishing function. 

Theorem 3.7 Let A C 6e a Delzant polytope and (M, cUq) be the associ- 
ated compact toric surface. Let K G C°° (A) be an edge-nonvanishing func- 
tion anduk = v+ipk ^ C°°{A,v) be a sequence of functions withS{uk) = Kk- 
Suppose that 
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(1) Kk converges to K smoothly on A; 

(2) max^ \uk\ < Ci , 

where Ci > is a constant independent of k. Then there is a subsequence of 
ipk which uniformly C°° -converges to a function ip G C°°(A) with S{v + ip) = 
K. 

The estimates for ip^ will be established by the following steps: 

Interior estimates: Donaldson proved the interior regularity for the Abreu 
equation when n = 2. In [11], we proved the interior regularity for the Abreu 
equation of toric manifolds for arbitrary n assuming the estimates. Due 
to Theorem 13. 6 [ our result gives an alternative proof of the interior regularity 
for the n = 2 case. The statement is 

Theorem 3.8 Let u E C°°{A,v) and S{u) = K. If |if|c-(A) < Co and 
max^ 1^1 < Ci, then for any Q CC A, there is a constant C[, depending on 
A, Co, Ci and dE{fi,dA), such that 

||M||c°=(n) < C[. 
Here, ci^; is the Euclidean distance function. 

Estimates on edges: This is the most difficult part. On each i, we use the 
point in the interior of i. By the condition, there exists a half e-disk 

:= n A, "D^ndAct (3.1) 

such that K is non-zero on this half-disk. Hence there exists a constant 6o 
such that 

\K\ > 6o, on V^. (3.2) 

Throughout the paper, we will show the regularity on a neighborhood of ^^^^ 
that lies inside V^. 

Estimates on vertices: Once the first two steps are completed, the regularity 
on a neighborhood of vertices is based on a subharmonic function. This is 
done in 

Remark 3.9 Let K he an edge-nonvanishing function on A. Suppose that 
it satisfies fl3.2p . By the computation in Appendix \^ we find that we may 
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modify Uo to a new form ujo (equivalently, from g to g) such that the scalar 
curvature Kq also satisfies f l3.2p and 

koK > 0, on V^. 

Hence we can assume that the whole path Kt connecting Kq and Ki = K 
satisfies (13. 2p . 

Remark 3.10 Since A is an open set, there is t^ > such that [0,to) C A. 
Obviously [0, |] C A. For any t G , 1], 

At >min{Ai,Ato} > 0, < li^ol + 

2 

Then for any t G [y, 1], A is {Kt, \')-stahle, where A' = min{Ai, Atg }. Let ut 
he a solution of the equation S{u) = Kf. Applying Theorem \3.6\ we have 

II max tit — mintitllLoo < Ci, V t G [7^, 1], 

A A 2 

where Ci is a constant depending only on X' , A and \Kq\ + \Ki\. 

By Theorem 13.71 Remark 13.91 and Remark 13.101 we conclude that A is closed. 
This then implies Theorem 11.11 

We can restate Theorem 13.71 as follows: 

Theorem 13. 7P Let A G M? be a Delzant polytope and {M, Uo) be the as- 
sociated compact toric surface. Let K G C°°(A) be an edge-nonvanishing 
function and (pk £ C^{M) be a sequence of functions with 

S{fk) = KkoVf\ w/, >0, 

where f k = 9 + (pk and g is the potential function of Uo- Suppose that 

(1) Kk converges to K smoothly on A; 

(2) maxM |0fe| < Ci , 

where Ci > zs a constant independent of k. Then there is a subsequence of 
(pk which uniformly -converges to a function (f) G C^(M) with S{g + (f)) = 
KoW^. 
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4 Some Results Via Affine techniques 

We review the results developed via affine techniques in [9]. 



4.1 Calabi Geometry 

4.I.I. Let f{x) be a smooth, strictly convex function defined on a convex 
domain f2 C = t. As / is strictly convex, 

f 

G := Gf =y — — - — dxidxj 
^ dxiOXj 
«j 

defines a Riemannian metric on Q. We call it the Calabi metric. We recall 
some fundamental facts on the Riemannian manifold {Q,G). Let u be the 
Legendre transform of / and Q* = V-^(f2) C t*. Then it is known that 
V-^ : {Q,Gf) — )■ {Q*,Gu) is locally isometric. The scalar curvature is S{f) or 
Siu). ^ 

Let p = [det(/y)]~"+2 ^ -y^^g introduce the following affine invariants: 



^ = \\V\ogp\\l (4.1) 
dxidxjdxk dxidxmdxn 



f ^ rinr rinr ■ rinr 1 rinrTrinr rinr < ^ 



(4.2) 

$ is called the norm of the Tchebychev vector field and J is called the Pick 
invariant. Put 

= J + $. (4.3) 
4.1.2. Consider an affine transformation 

i : f X M ^ t* X M; i(^, r/) = (A^, Ar/), 

where A is an affine transformation on t*. If A = 1 we call A the base-affine 
transformation. Let rj = u{^) be a function on t*. A induces a transformation 
on u: 

u*iO = XuiA-'0- 

Then we have the following lemma of the affine transformation rule for the 
affine invariants. 

Lemma 4.1 Let u* be as above, then 
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1. det{df^u*){0 = A"|A|-2det(a2.M)(A-iO- 

3. e„*(0 = A-ie„(A-iO; 

As a corollary, 

Lemma 4.2 G and B are invariant with respect to the hase-ajfine transfor- 
mation. • G and S ■ G are invariant with respect to affine transformations. 

The following lemma was proved in [9]. 

Lemma 4.3 Let u he a smooth, strictly convex function defined in R" . Sup- 
pose that 

dluifd) = 6ij, e < in M". 

Let a > 1 be a constant. Let Amin(a), Amax(a) be the minimal and maximal 
eigenvalues of ipfjU) in B^ifd). Then there exist constants ai, Ci > 0, depend- 
ing only on N and n, such that 

(i) exp (-Cia) < Ai„in(a) < Amax(a) < exp (Cia) , in B^{0), 

(ii) I^a,(0)Cfi3(0)CDexp(C,a)(0). 

4.1.3. In we used the affine blow-up analysis to prove the following 
estimates. We only state the results for the Delzant polytopes. 

Theorem 4.4 Let u be a smooth strictly convex function on a Delzant poly- 
tope A C with ||5(m)||(73(a) < Ko, where \\ ■ ||c3 denotes the Euclidean 
C^-norm. Suppose that for any p G A, du{p, OA) < 00. Suppose that 

maxM — minM<Ci (4.4) 

A A ~ ^ ' 

for some constant Ci > 0. Then there is a constant C3 > 0, depending only 
on A, Ci, Ko such that 

iQ + \S\+IC)dlip,dA)<C,. (4.5) 
Here du{p, dA) is the distance from p to A with respect to the Calabi metric 
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4.2 Convergence theorems and Bernstein properties 

4-2.1. Let r2 C be a bounded convex domain. It is well-known (see 
[29] . p. 27) that there exists a unique ellipsoid E which attains the minimum 
volume among all the ellipsoids that contain Q and that is centered at the 
center of mass of Q, such that 

3 3 

where 2~2E means the 2~2 -dilation of E with respect to its center. Let 
T be an affine transformation such that T{E) = -Di(O), the unit disk. Put 
n = T{n). Then 

2-5^1 (0) cClC Di{0). (4.6) 
We call T the normalizing transformation of Q. 

Definition 4.5 A convex domain Q is called normalized when its center of 
mass IS and 2-2Di{0) cQc Di{0). 

Let A : — )■ be an affine transformation given by A{C,) = ^o(0 + ^o, 
where Aq is a linear transformation and G M". If there is a constant L > 
such that |ao| < L and for any Euchdean unit vector v 

< \Aov\ < L, 

we say that A is L-bounded. 

Definition 4.6 A convex domain Q is called L-normalized if its normalizing 
transformation is L-hounded. 

The following lemma is useful to measure the normalization of a domain. 

Lemma 4.7 Let Vl G he a convex domain. Suppose that there exists a 
pair of constants R > r > such that 

DriO) cnc DjiiO), 

then Q is L-normalized, where L depends only on r and R. 
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4-2.2. Let uhe a, convex function on Q. Let p e Q be a point. Consider the 
set 

{e e n\uiO < uip) + Vm(p) ■ (e - p) + fx}. 

If it is compact in fl, we call it a section of u at p with height a and denote 
it by S'n(p, a). 

4.2.3. Denote by 7^(0, C) the class of convex functions defined on O such 
that 

inf M = 0, u = C on dfl, 
n 

and 

J^{n,C;K„) = {ue J^{n,C)\\S{ti)\ < K„}. 

We will assume that Q is normalized in this subsection. 
The main result of this subsection is the following. 

Proposition 4.8 Let $7 C be a normalized domain. Let u e 1; 
and p° he its minimal point. Then 

(i) there are two positive constants s and C2 such that in Dsip°) 

I jit 1 1 (73, a < Co 

for any a e (0, 1); in particular, dEip°, > s; 

(a) there is a constant S e (0, 1), such that Su{p°, S) C Ds{p°). 

(Hi) there exists a constant b> such that Suip°,S) C Bb{p°). 

In the statement, all the constants only depend on Kg', D, B are disks with 
respect to the Euclidean metric and the Calabi metric Gu respectively; 
is the Euclidean distance function. Here and later we denote || • \\c-x> the 
Euclidean C°° -flOTTfly II * II (73, CK the Euclidean C '^-norm. 
Furthermore, if u is smooth, then 

||li||c°°(Ds(p°)) < C2 

where C2 depends on the C°°-norm ofS{u). 

This can be restated as a convergence theorem. 
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Theorem 4.9 Let Q G M.'^ be a normalized domain. Let Uk € J^{VL,1\Ko) 
he a sequence of functions and he the minimal point of Uk- Then there 
exists a suhsequence of functions, without loss of generality, still denoted hy 
Uk, converging to a function Uoo, and p^ converging to p°^; satisfying: 

(i) there are two positive constants s and C2 independent of k such that in 

for any a G (0, 1); in particular, dE^pl, dQ) > s; 

(a) there is a constant 6 G (0, 1), independent of k, such that Suf.{pl,S) C 
Ds{p"J. 

(Hi) there exists a constant b > independent of k such that Su^{p°^,5) C 
B,{pl). 

(i) implies that in Ds{p°^), Uk C^-converges to u^. Furthermore, if Uk is 
smooth and the C°° -norms of S{uk) are uniformly hounded, then Uk smoothly 
converges to Moo in Ds{p°^). 

4.3 Complex interior estimates of W 

Let C C". Define 

C~(fi) = {/ G is a real function and (/^j) > 0}. 

As a potential function on fi, / defines a Kaliler metric = ^^^^ddf on Vt. 
As explained in §2.2[ we have the connections, curvature tensors, etc. 

Lemma 4.10 Let f G C°^(fi) and Ba{o) d Vt he a geodesic hall of radius a 
centered at 0. Suppose that there are constants Ni, N2 > such that 

JC<Ni, W < N2, 

inBa{o). Then in -60/2(0) 

where C3 is a constant depending only on n and Ni. 



max f 151 + ||V5||f ) + a-^ + a'^ 

Ba{o) V ^ J 
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Here /C, W and \1/ are introduced in §2.21 This is proved in [S] . The following 
lemma is needed at the end of §8.31 

Lemma 4.11 Let f G with max|iS(/)| < Kg. Suppose that there is 

a constant Cq such that 

W < Co, \z\ < Co, W{zo)K. < [lOOe^o]-^ (4.7) 

in Bi{zq). Then there is a constant Ci > depending only on n,Ko and Co, 
such that 

Wizo) > Ci. (4.8) 

Proof. Consider the function 

F = {a^ -rYe^'-'-W-^ 

defined in Ba{zo), where r{z) is the geodesic distance from zq to z. F attains 
its supremum at some interior point p*. We have, at p*, 

|,^;._«i_i3r!l<o. (4.9) 

where □ is the Laplacian operator with respect to the metric Uf. Note that 
— 2iy~5. We apply the Laplacian comparison Theorem for rDr: since 
the norm of the Ricci curvature Ric > —eW~^{zo), where e = [100e*-^o]~^. 

rOr < (1 + e^W'^Zo)r). 
Using the facts \S\ < Ko and ||Vr||/ = 1, we have 

„M<c.+ + (4.10) 

Note that F attains its maximum at p* . Then -^(2:0) < F{p*). Let a = 1 and 
if as e small, the lemma follows from a direct calculation. ■ 
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4.4 Interior regularities and estimate of /C near divi- 
sors 

Let A C be a Delzant polytope. In [9j, we prove the following regularity 
theorem. 

Theorem 4.12 Let \J be a chart of either Ua, or U^. Let Zo ^ D and 

Ba{zo) he a geodesic hall in U. Suppose that there is a constant Ci such that 
fizo)=0, |V/|(^o)<Ci, and 

W) < Cu <W <Ci, \z\ < Ci 

in Ba{zo). Then there is a constant ai > 0, depending on a and Ci, such 
that 

lc3."(Da^(zo)) < C{a,Ci, ||>5(/)||co)), 
\c^{Da,{zo)) < C{a,Ci, \\S{u)\\c^). 

One of the main results in [9j that is developed from the affine technique 
is the following. 

Theorem 4.13 Let u E C°°{A,v) . Let he a point on a divisor for some 
i. Choose a coordinate system (^5^2) such that i = = 0}. Let p e i and 
Dh{p) n A he an Euclidean half-hall such that its intersects with dA lies in 
the interior of i. Let Ba{^*) he a geodesic hall satisfying Tf{Ba{^*)) C Db{p). 
Suppose that 

\S{u)\ >5>0, in Dbip) n A, (4.11) 

\\S{u)\\c3(A) < N, 
522^l^nDf,(p) > N"-^ 

where h = u\(^ and ||.||c3(a) denotes the Euclidean C^-norm. Then there is a 
constant C3 > 0, depending only on a, 6, N and Db{p), such that 

min W 

^^l^t}2^ (/C(3) + ||Vlog|5|||J(3)) a' < C3, G B,/,{^^) (4.12) 

max W ■' 

Bad,) 

where W = det{fst)- 
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5 Estimates of the Determinant 



As stated in Theorem 13 .St the interior regularity in A has been estabhshed. In 
this section, we will explore the dependence of some estimates on dE{-, OA). 
The results in §5.11 hold for any n. 



5.1 The Lower Bound of the Determinant 

The following lemma can be found in [26] . 
Lemma 5.1 Suppose that u G C°°(A, f ; f^o) . Then 

(1) (\.ei{dfjU) > C4 everywhere in A, where C4 = (4n~-'^i^odiam(A)^)~". 

(2) For any 6 G (0, 1) there is a constant Cs > 0, depending only on n and 

6, such that 

det{dlu){p) > CsdE{p,dA)-'. 

Here we denote dfjU = Let q G dA be the point such that ^^(p, q) = 

dE{p,dA). When q is an interior point of a face E, we derive a stronger 
estimate for det{dfju){p). 

Lemma 5.2 Let u G C°^{A,v\Ko). Let F he a facet of A and q be a point 
in its interior. Let e be a small constant such that D^{q) (1 A is a half-ball 
and D^{q) fl dA C F. Then there is a constant C5 > 0, depending only on 
A, Ko, e, such that for any ^ in this half- disk 

Proof. Without loss of generality, we choose a new coordinate system on t* 
such that: (i) ^(g) = 0; (ii) F is on the {^1 = 0}-plane; (Hi) ^i(A) > 0. 
By (2) of Lemma I5.H we already have 

det{dlu) > Co^;^''-\ (5.1) 

Consider the function 
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where a > 0, a > 1 and C > are constants to be determined. We may 
choose a large such that f' < on A. For any point ^ we may assume that 
^ = (^1, ^2, 0, 0). By a direct calculation we have 

Set a = 1 + Then for large C, it is easy to see that v' is strictly convex 
in A and 

detid^^v') > C^r^'. (5.2) 

Consider the function 

F = w + C^v\ 

where = det{dfju). As w vanishes on the boundary of A, we have F < 
on dA. Then 



U'^d^jF = -K + C5detid^ju)J2u''d^jv' 

> -K + nC^ det(52.M)i-i/" det(92 1;')^/" 



(1-1)2 



Here denotes the inverse matrix of the matrix (dfju). Choose C5 such 
that 'Y^U'^W]ijF > 0. So by the maximum principle we have w < C^\v'\ < 
aC^^i. It follows that dei{dfjU) > Cs^i"^ for some constant C5 > 0. ■ 

5.2 The Upper Bound of the Determinant 

Let A C be a Delzant ploytope. We need the following two lemmas. 

Lemma 5.3 Let Q G and p E Q° be a point with ^{p) = 0. Let Uk G 
C°°{Q) be a sequence of functions such that 

Uk{0) = 0, Vuk{0)=0, 

and Uk locally uniformly C"^ -converges to a strictly convex function Mqo in A°. 
Then there are two constants d,Ci > independent of k such that 

2 



(d + fk)- 

where fk is the Legendre function of Uk(cf. Section WT^) . 
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Proof. Obviously /fc(0) = 0, V/fc(0) = 0, fk > and fk uniformly 
C^-converges to a strictly convex function f^o in D^{0) for some e > 0, in 
particular, 

fkldD^O) > S 

for some 6 > independent of k. Let h(x) = —. Using the convexity of fk 
one can check that in R" \ -0^(0), 

fk{x) > h{x). 

Then in 

Uk + 5)->\x\>^^^^. q.e.d. 
n 

The following lemma is proved in [10]: 

Lemma 5.4 Suppose that u G C°°(A, t>; Ko), and suppose that there are two 
constants b,d > such that 



, 2 

du 



(d+fy 



<b, d + f>l (5.3) 



where f is the Legendre function of u. Then there is a constant 6o > 
depending only on Kq and A such that 



(iei{dfju) 



{P)< 



(d + fr - dEip,dA)^- 

Using Lemma 15.31 and Lemma 15.41 we can obtain the upper bound esti- 
mates for det{dfju). 

Lemma 5.5 Suppose that Uk G C°°(A, f ; iiTo) and Uk locally uniformly C^- 
converges to a strictly convex function Mqo in A". And suppose that 

max \uk\ < Ci. 

A 

for some constant Ci > independent of k. Denote dE{p,dA) by the Eu- 
clidean distance from p to the boundary dA. Then there is a constant Cq > 0, 
independent of k, such that for any p E A° 

logdet(9^Mfc)(p) < Cg - C(i\ogdE{p,dA). 
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Proof. Since u is convex, we have for any p G A'^ 

2Ci 



du 



< 



dEip,dA) 

Again by the convexity and (15.41) we obtain that for any point p E A° 
/(V.(p)) = E - ^ ^ ^2(1 + + \x,\) < ^^^^^ 



(5.4) 



dE{p,dA)' 



(5.5) 



where C2 > is a constant depending only on A. From Lemma 15. 3[ Lemma 
15.41 and (15. 5p we conclude that 



det{dlu)<C^{dE{p^dA)) 



-8 



(5.6) 



where C3 > is a constant. q.e.d. 



6 Estimates of Riemannian distances on 

Let A C be a Delzant ploytope. Let I be an edge of A. As explained 
in §3.2[ we assume that there is a point ^'-^^ and a neighborhood V^. We 
establish some important facts in T>^. For simplicity, we fix a coordinate 
system on t* such that (i) ^ is on the ^2-axis; (ii) = 0; (iii) A C h*. 
Define 4,d = {(0,6)10 < ^2 < d} d t. 

Let Uk G C°°(A, t>; Ko) be a sequence of functions with S{uk) = Kk- 
Suppose that 

m^x Mjt — nnn Mfc < Ci (6.1) 

for some Ci constant independent of fc, uniformly C^-converges to K on 
A and Uk locally uniformly C^-converges in A to a strictly convex function 
Woo- Moo can be naturally continuously extended to be defined on A. 



6.1 Convergence 

Denote by hk the restriction of Uk to ^. Then hk locally uniformly converges 
to a convex function h in Obviously, Uoo|^° < h. In this subsection we 
prove that "<" is indeed "=". In fact, we have the following Proposition. 

Proposition 6.1 For q G 1° , Uoo{q) = h{q). 
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Proof. For simplicity denote 

e(g) = 0, S{uk) = Kk. 



(6.2) 



If this proposition is not true, then Moo(O) < h{0). Without loss of generality 
we can assume that ^-i^i = {^|^i = 0, |^2| < |} C £° and for any point 



P e 1 

2 ' 2 



«oo(p) + 2 < ^(P)' Moo(0)=0. 



By assumption we have 



lim \\Kk - KWciHM = 0. 



(6.3) 



For any K^, consider the functional 

J^k{u) = J^K^u) = - logdet((9ju)rf/i + Cx^iu) 

J A 

defined in C°°(A), where Ck is the linear functional 



uda — / Kkud/i. 
dA J A 



(6.4) 



Here da and d/j. are as in the section ISTTl Since Uk satisfies (16. 2p . by a result 
of Donaldson Uk is an absolute minimiser for J-'fc(cf. |2l|)- By (16. ip and 

Moo(O) = 

I'"A:|l°°(A) < Ci + 1 

as k large enough. For any positive constant 6 < 1, denote 

As = {peA\dEip,dA)>6}. 
By Lemma 15.11 and Lemma 15.51 we have for any k 



log (\.ei{df,Uk)d^ 



as 5 is small enough, where C2 is a constant independent of k and 6. Combing 
this and that Uk locally uniformly C^-converges to u^o in A we have 



lim / log det (9?- nfc)(i/i = / logdet( 

k^'^ J A J A 



{d^jUoo)dfi. 
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By (jOj) and ([S3D we have 



and 



lim / SkUkdjj, = / SooUoodfx 

A J A 



lim / Ukda — f u^oda = j hda — f u^oda > f [h — Uoo)da>—. 

k^°°JdA JdA JdA JdA Ji 1 1 2 

We conclude that ^ 

^5oo(woo) < hm J'kiuk) - -■ (6-5) 

Hence 

J^kiUoo) = -^5oo(Woo) - j i<Sk- Soo)UoodlJ < J'kiUk) - ^, (6.6) 

as k large enough, where we used fl6.3l) and (16.41) in the last inequality. This 

contradicts Fk{uk) = inf F{u). ■ 

Mec°°(A) 

6.2 Monge- Ampere measure on the boundary 

Lemma 6.2 Lei u G C°°(A, f ; i^^o) one? = There is a constant C7 > 0, 
depending on dE{ic,d,di), such that on ic,d, ^^22^ — ^7- 

Proof. By the boundary behavior of u, we know that ^ = 1 on £ (cf. |27]). 

Consider a small neighborhood of £c,d such that ^ < < 2. By integrating 
we have, in this neighborhood. 

Then, by Lemma [5l2l SfgW = det((9f -u) ■ > C7. ■ 



6.3 A lemma 

Let u G C°°{h*,Vh*; Ko). Let p° be a point such that d{p°,{l) = 1, where 
= 9h*. By adding a linear function we normalize u such that j9° is the 
minimal point of u; i.e., 

u{p°) = inf u. (6.7) 



28 



Let p be the minimal point of m on the boundary of h*. By adding some 
constant to m, we require that 

u{p) = 0. (6.8) 
By a coordinate translation we can assume that 

m = 0. (6.9) 
We call {u,p°,p) a normalized triple, if u satisfies fl6.7p . fl6.8p . fl6.9p and 

d{p°M) = i. 

By the same methods as in §7.3 ( [9j), we can prove that: for any sequence 
{uk,pl,pk) of normalized triples with 

lim max\S{uk) \ = 0, Q{p)d^{p,i:^) < C3, (6.10) 

A; —^00 

Then there is a constant C > 1 such that 

<\ukiPok)\<C. (6.11) 
Based on this, we prove the following lemma in this subsection. 

Lemma 6.3 Let {uk,pl,pk) be a sequence of normalized triple with (16.101) 
and dfjUk{pl) = Sij. Then by choosing a subsequence we have 

(1) pI converges to a point p^^, and Uk locally uniformly C^-converges to a 
strictly convex function Uoo, in particular, Uk uniformly -converges 
to Uoo in o Euclidean ball Da{poo) for some a > 0; 

(2) there exist two constants < r < 1 and Ci > independent of k such 
that 

max |G|<^, (6.12) 

ShiPA) ^ 

max > Cr\ min < — Cf^, (6.13) 
\Vu\ < in Brijf) (6.14) 

as k large enough, where h = u\q and Sh{p, ^) = & ^ \ h < 1}. 
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Proof. Let m be a function of a sequence functions Uk- By a coordinate 
translation ^(^1,^2) = (^1 — ^,^2 — we can assume that ^{p°) = 0. 
By fl6J0D and d{p°, t^) = 1, we have 

e < I6C3, in Bs(p°). 

4 

Using Lemma I4.3[ (16. lip and a direct integration we conclude that 

||w||c3.a(Bi (p°)) < C2 

for some positive constant C2 independent of k. Then by Ascoli Theorem 
and choosing a subsequence we conclude that Uk uniformly C^-converges to 
a strictly convex function Uoo in -Da(O). In particular, there is a positive 
constant e such that 

duk 



SudO,e)cDM, 



(p)>^, ^pedDaiQ). (6.15) 



where = |||- Consider the function 



A(f) = ^k|-C. 

where C is the constant in (16.111) . Since A(0) < m(0) and A(p) < u{p) for 
any p G 9Da(0), by ( 16. 15^ and the convexity of u we have 

A(g)<n(g), VgGh*\D„(0). (6.16) 

Then by C h*\L)„(0), we have Sh{p, 1) C S^{p°, C+l)nt^. In particular 

max 1^1 < max 1^1 < —iCi + 1). (6.17) 

Combing this and (—a,—/?) G 5/4(^,1), we prove (16.121) . (1) follows from 
(I6.17P and the convergence of u^- (I6.14p follows from (1) and the convexity 
of Moo- Then by the convexity of u and (16.120 we obtain (I6.13p . □ 



6.4 Lower Bounds of Riemannian Distances inside edges 

Let p = (0, c) and q = {0,d). Let be a constant such that ic,d C 
4-2e„,d+2.„ CC £ and eo < Set 

Ec-2e^,d+2e. = [0, ^o] X 4-2.„,d+2e. C A. 

We assume that £^2.^ ,^2^. f]{dA \ £) = 0. 

We use affine technique to prove the following proposition. 
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Proposition 6.4 There is a constant Cg > independent of k such that 

for k large enough. Here d^^ {p, q) denotes the geodesic distance from p to q 
with respect the Calabi metric Gu^. ■ 

We introduce some notations. Let m be a function of tlie sequence Uk- 
Let r be a minimal geodesic from (0, c) to (0,d) with respect to the Calabi 
metric For any p° \ i, denote 

d{p°) = d{p°,dA). 

Let p & i he the point such that 

d2u{p) = d2u{p°). (6.18) 

Let L{p°) be the geodesic arc-length of the connected component con- 
taining p° of r n Brd{p°){p°), where r is the constant in Lemma [6.31 Then 
L(p°) = 2Td{p°). Denote 

fn{p°) = max \d2u{q) ~ d2u{p°)\, 

B{p) = {p e i \ \d2u{p) — d2u{p)\ < m{p°)}. 
To prove Proposition 16.41 we need the following lemma. 

Lemma 6.5 Let G C°°(A, f ; J^o) be a sequence of functions such that 
satisfies fl6.ip and 

S{uk) = Kk- 

Suppose that Kk uniformly -converges to K on A and the geodesic arc- 
length ofVk converges to zero as k ^ oo. Then there is a positive constant 
C2 independent of k such that for any Uk and any p° G fl eI°_^^ 

/ v/^rf^ < C2r4(p°) < C2Lfc(p°), (6.19) 

where dk{p°) = du,^{p° ,dA) and p satisfies (16.181) . 
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Proof. If the lemma is not true, there are a subsequence of points p^. and a 
subsequence of functions u^, still denoted by and to simplify notations, 
such that 

hm = 0. (6.20) 

Let M be a function of the sequence Uk- Let u = u — Vu{j)°) ■ ^ + C, where 
C is a constant such that iufg^'W = 0. Then, u{j)) = mf£U,u{p°) = infAW. 
We claim that 

inf M = inf -u = -ufp), (6.21) 
dA e 

as k is large enough. 

Proof of the Claim. If the Claim is not true, there are a subsequence of Uk 
and a sequence of points qk G dA \ i, still denoted by iik and (jk, such that 

Uk{qk) = inf Mfc. 

dA 

Let ttfc = — inf Uk. Since the geodesic arc-length of Tk converges to zero as 

A 

/c — )■ cxD we have lim dk{p°k) = 0. Then by the interior regularity, 

fc— ^-oo 

lim = Poo e (6.22) 

fe— >-oo 

It follows from fl6.22p and Proposition 16.11 that 

lim \ukipl) - Wfc(Poo)| = 0. (6.23) 

A;— >oo 

By the convexity of u and (16. ip we have \d2u{p°)\ < Ci for some positive 
constant Ci independent of k. Then 

= u{p^) - u{p°) + d,u{plUpl - d2u{p°){UPo.) - UpI) 

< u{p^) - u{p°) + |(6(Poo) - Up°))\ (6.24) 

as k is large enough, where we used the fact diu{p°) < 0,^i(p°) > 0. Com- 
bining fl6:22|) . (E23D, (16:241) and u{p oo) > u{q) > u{p°) we conclude that 

lim ak = 0. (6.25) 

k—>-oo 
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Let 7 be the line segment connecting p° and q. By the convexity we have 
for any p & '~f 

-a< u{p) < 0, l{p) < u{p) < l{p) + a, (6.26) 

where l{p) = u{p°) + Vu{p°) ■ {p — p°). By choosing a subsequence we can 
assume that 7^ converges to a hne segment 700- We can see that 700 C 
otherwise, as Yrnik^^o O-k = 0, hnear function on 700, it contradicts to 

the strictly convexity of Moo- For any p G 7oo H ^c-eo,d+to ^-nd pk G 7fc with 
lim Pk = p, by the same calculation as f l6.24p we have 



A;— >oo 



< lim (ukip) - Uk{Pk)) < lim {uk{p) - Uk{pk)) = 0. (6.27) 

k—^00 fc— >oo 

Let h = u\e. By ( lOSj) . (lOej) and (K27^ we conclude that 

limhk{p)=0, Vp G 4-e„,d+.„. (6.28) 

On the other hand, since h = h — d2u{p°){^2 — ^2{p°)) + C, hk converges to 
a strictly convex function h^o- It contradicts to f l6.28p . The Claim is proved. 

By a coordinate translation, we assume that ^{p) = 0. Consider the fol- 
lowing affine transformation T, 

il = Oll^l, 6 = ^21^1 + 0226, = \ui — , — - -^^^i^L 

\ flu 022 Oiia22 

We choose A = [(i(p°)]~^ and 



(^i^ = - — «2i = ^==(P°), a22 = \/Xd^2HP°)- 
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Denote by p°,p, ■ ■ ■ the image of p°,p, ■ ■ ■ under the affine transformation T. 
Then by a direct calculation we have dfju{p°) = Sij, and for any p, q 

d2u{p) = —d2u{p), dl2u{p) = ^dl2u{p), du{p,q) = VXduip,q), (6.29) 
022 022 

lim ma.x\S{uk) \ = lim max — Ljil = lim ma.xd{pl.)S{uk) = 0, (6.30) 

fe— ^-oo k-^00 Afc fc— >oo 
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where diu = dfjU = In particular, d{p°) = 1, and 

Ito "'''gL . = lim = 0. (6.31) 

where 

rh(p°) = max |92'u|, = G t2||92'u|(g) < m(p°)}. 

On the other hand, using Lemma [6T3] for {uk,pl,pk), we conclude that Uk 
locally uniformly converges to Uoo and 

m{pl<C^\ mcS-SA), \i2{q)\<C^/2, y qeBif). (6.32) 
Then 

/ \[^kdl2 <( [__ d^22^kdi2] ' ( i dl^ ' < m(p°)Ci < 1. 
JB{f>) \Jb{p) J \Jb{P) J 

It contradicts to (16.311) . □. 

Proof of Proposition 16.41 If the Proposition is not true, by choosing a 
subsequence we can assume that 

lim L{Vk) = 0, (6.33) 

where //(F^) denotes the geodesic arc-length of F^. Moreover, we can assume 
that the Euclid measure of F^ fl £ go to zero as — )■ oo. In fact, if the Euclid 
measure of F^flf has uniform positive lower bound, we can get a contradiction 
easily from 5|2^i|4_,^ d+eo — ^■ 

There is an open set [/ C ^ of F fl ic-eo,d+eo such that ic-eo,d+to \U is 
a compact set and the Euclidean measure of U less than eo/2, as k is large 
enough. Denotes 

Lc-2e. = {(ei,c-2e„)|0 < 6 < '^i}, Wo = {i^i,d + 2eo)\0 < < ^i}- 
Let (5i > is a constant such that 

max < min d2U, min > max d2U. (6.34) 

Lc-2to Lc-eo id+2fo ^d+£o 
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Denote pi = (0, c - 62), qi = {0,d + £2). 

Since the geodesic arc-length of F^, converges to zero as k ^ 00, by the 
interior regularity we can assume that F fl G E^^2eo d+2eol'^i = = 0. 

We discuss three cases: 
Case 1. FnLc_2e 7^ 0- Since is continuous on TCiE^'^^eo rf+2eo' (16.341) 
we have 

[^2u{p^),^2u{p)]c U ^2^(0. 

Hence 

p°6r\£ 

Case 2. F fl Ld+2e 7^ 0- By the same argument of Case 1, we have 

id4+.o\UC U BiP), I \ [/| > eo/2. 

p°er\£ 

Case 3. F C E^-2eo d+2to- Since d2U is continuous on F, we have 
[d2u{p),d2u{q)]c U d2u{0- 

Hence 

as k is large enough. 

We prove the Case 3 (the proof of the other cases is the same). There are 
finite many points {pl}i such that {B{pk)}i covers 4,^ \ U and 

B{p,)nB{p,)nB{pk) = ^, 

for any different i,j, k. Then 

i?.,,(p°)ni?.,,(p°)ni?.,,(p°) = 0, 

where di = d{p°, dA). In fact, if there exists a point p* G Brdi {p°i)^BT-d^ (p°) fl 
^TdkipV)^ let q* e i such that d2u{q*) = d2u{p*). By definition of B{pk) 
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we have q* G B{pi) fl B{pj) fl B{pk)- We get a contradiction. Therefore 
-^(r) > I Xli ^iPi)- -By Lemma [6.21 and Lemma [6.51 we have 

L(r) > E rrf, > / > 

It contradicts to (16.331) . We finish the proof of Proposition 16. 4[ □. 
Let Lc and be its upper and lower edges, 

Lc = m,c)\0 < 6 < S'}, La = {(ei,rf)|0 < ^1 < 5'}. 
By the same argument, we have 

Proposition 6.6 There exists a constant Cg > such that 

for p E Lc and q G L^. 

By the interior regularities and the same argument of Proposition 16.41 we 
conclude that 

Theorem 6.7 For any p G £c,cz there exists a small constant e, independent 
of k, such that the intersection of the geodesic ball Be^\p) and A is contained 
in a Euclidean half- disk Da{p) H A for some a > with Da{p) fl dA C 



7 Upper Bound of H 

The following theorem has been proved in [11]. 

Theorem 7.1 Let {M,G) be a compact complex manifold of dimension n 
with Kahler metric G. Let lOq be its Kahler form. Denote 

C^{M,Uo) = {0 G C^{M)\uj^ = Uo + ^dd(t> > 0}. 

Ztt 

Then for any G C°°{M,Uo) , we have 

H<[2 + exp \ 2/C(max{0} - min{0}) [ . (7.1) 

where f = g + (p and /C = max ||/2ic((7)||g, Ric{g) denotes Ricci tensors of the 
metric Ug. 
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8 Lower bound of H 



In this section we will prove the following theorem. 

Theorem 8.1 Let A (ZM? he a Delzant polytope and {M,Uo) be the associ- 
ated compact toric surface. Let K G C°°(A) he an edge-nonvanishing func- 
tion anduk = v + Tpk € C°°(A,f) he a sequence of functions withS{uk) = K^. 
Suppose that 

(1) Kk converges to K smoothly on A; 

(2) max^ \uk\ < Ci , 

where Ci is a constant independent of k. Then there exist a constant Cio > 1 
independent of k such that for any k 

C^o < Hf, < Cio- (8.1) 



The upper bound is proved. Now suppose that there is no positive lower 
bound. Then by choosing a subsequence we can assume that niin(iffj.) — )• 0. 

Let pk E A he the minimum point of Hf^, that is, for any Zk G '^J^^iPk), 
Hf^{zk) = rainHfi^. Let poo be the limit of pk (if necessary, by taking a 

subsequence to get the limit.) Then by the interior regularity theorem (cf. 
Theorem 13. 8p . we can assume that Poo G dA. 

Let /fc and pk be as above. Let A/" be a large constant to be determined 
(cf. fl8.12p ). For any point q E A with the property 

we say that q is an if-minimal equivalence point for fk- For any two such 

points qi and q2 we write qi q2- 

Similarly, for any sequence q^ of if- minimal equivalence points for f^, the 
limit of qk must be in dA. 



8.1 A subharmonic function and seeking minimal equiv- 
alence points 

Let C| be a coordinate chart associated to the vertex {}. Let be the space 
of coordinates of radius of C|. It is the first quadrant of R^. We omit the 
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index ■& if there is no danger of confusion. We have a natural map 

p : ^ Q, p{zi,Z2) = (ri,r2) = {\zi\, \z2\). 

Since we consider T^-invariant objects, we identify as Q in the following 
sense: when we write a set 1] C Q, we mean p~^{Q). We also note that Q° 
(the interior of Q) is identified with t in a canonical way: Xi = 21ogri. 
Introduce the notations in Q 

Box(a;6) = {(ri,r2)|ri < a,r2 < b}. 

Box(ai, 02; 61, 62) = {oi < n < 02, bi <r2 < 62}- 

Let = Box(l, 1) in Q^. Its boundary consists of two parts, — 
{('"i,''"2)||'"i| = 1, 1'^s-il < 1},"^ = 1,2. (Here, by the boundary we mean 
the boundary of p~^{B) in C^, hence the boundaries of the box located on 
the axis are in fact the interior of the complex manifold.) 
For a toric surface, we have the following simple lemma. 

Lemma 8.2 (i) All 's in M intersect at one point, i.e, (1, 1) in each B^; 
(a) For any two vertices i? and 1?° next to each other, B^ and B^o share a 
common boundary; (Hi) M — [j^B^. 

Proof. Let and 1?° be two vertices that are next to each other. Let i 
be the edge connecting them. We put A in the first quadrant of i* as the 
following: (1) at the origin; (2) i on the ^2-o,xis; (3) the other edge of '& 
on the C^i-axis; (4) suppose that 'd° = (0, Cq) and its other edge i* is given by 
the equation ^2 = 0,0^1 + Co for some integer Qq. 

The edges and i is of the form + tei and + te2, t G M respectively. 
Here {ci, 62} is a basis of Z^. Similarly, i* and i is of the form 1?° + te° and 
'&° + te2, i e IR respectively, and {e°, 63} is a basis of 7?. Then 

6° = ei + 0062, 62 = —62. 

For any point p G A, we have 

P = (ei, e2)(6, 6)* = (e?, e^)(^?, ^2°)* + (0, c.)*, 

where A* denotes the transpose of a matrix A. Hence the coordinate trans- 
formation between ({1,^2) and (^1,^2) is 

^1° - 6, i2 = QoCi - 6 + Co, 
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and the coordinate transformation between {xi,X2) and {x°,X2) is 

xl = Xi + aoX2, X2 = —X2- 

Then the coordinate transformation between C| and C|o is given by 

Z" = ZiZ2° , Z2 = Z2'^ ■ (8.2) 

By this, we find that and B^o intersect at the common boundary = E^o- 
The rest of the facts of the lemma can be derived easily as well, q.e.d. 

Let £ be the collection of all E^^'s. 

Now consider an element f e C°°{M,lo; Ko). Let be its restriction to 
Uij. We introduce a suhharmonic function 



F^ = \ogW^ + Nf, 



Lemma 8.3 If N > max|iS(/^)| + 1, dE^ > 0. Hence the maximum of E^ 
on B^ is achieved on E^ U E^ . 

Proof. By a direct computation, 

DE^ = -S{f^) + 2N>0. 

q.e.d. 

Lemma 8.4 All E^ on B^ form a continuous function F on M. 

Proof. Let and be two vertices that are next to each other as in the 
proof of Lemma 18. 2[ By a direct calculation, we have 

f^o-f^ = ^{x°^- -u) -^{xiii-u) 

= E - + - i-x"2)iao^i - + Co) 

= Colog|r°|2. (8.3) 

(ao-2)log|r°|2. (8.4) 



log W^o — log = log 



dzi ^ 



dz;; 



From this we conclude that E^o and E^ match on their common boundary 
(where r2 = r2 = 1). Hence, all F^'s form a function on M. q.e.d 

Hence F is a continuous function on M and piecewise subharmonic. 
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Definition 8.5 ^4 point p G E C S is called a local maximum point of F if 
it is a maximum in U B^o, where the vertices -d^d" are chosen such that 
B^ n Bi^o = E. 

Corollary 8.6 The set of local maximum points of F is nonempty. 

Recall that Wg^ = det{{g^)ij). We now use F to construct an i7-minimal 
equivalence point. 

Lemma 8.7 There is a local maximum point Qo of F that is an H -minimal 
equivalence point. 

Proof. Let Zo be the minimal point of H . Suppose that it is in B^^ for 
some vertex d^. Suppose that F^^ achieves its maximum at pq. We claim 

that po"^ Zo'. in fact, by the assumption, F^q(po) > F^g{zo). Explicitly, this 
is logW^o{po) + N f^^{po) > \ogW^o{zo) + N f^^{zo). Hence, by the definition 
of if , we have 

logif(po) - hgWg,^^ipo) - Nf^M < \ogH{zo) - \ogWg,^{zo) - Nf,,izo). 

In I/^qI and | logPVg^^ | are uniformly bounded. Therefore, there exists a 
constant C such that 

logH{p,)<logH{zo) + C. 

This implies the claim. 

Note that Pq is in the boundary of B^g . Suppose that it is contained in E 
which is the boundary of the other box B^-^ . If po is also the maximal point 
for Fi)-^, it is a local maximal point. The problem is solved. Otherwise, we 
consider the maximal point pi of . It should be on the other edge of B^-^ . 
If it is a local maximum, we are done. Otherwise, we repeat the argument. 
Of course, this will stop in a finite number of steps, q.e.d. 



Remark 8.8 Let Qo E E be a point given by Lemma 8.1. We suppose that 
E = B^ n B^o. We use the local models and notations described in the proof 
of Lemma \8.'tA 

Let 

= Box((5,r^(5,r^) C Q^. 

Set M'' C M to be the union of all A^. For simplicity we choose 5 = -r^. 
According to the explanation at the beginning of the section, we make the 
following assumption. 

Assumption 8.9 Any H -minimal equivalence point is not in . 
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8.2 A technical lemma 

The main purpose of this subsection is to prove the following lemma. 

Lemma 8.10 Let f be a function in the sequence fk that satisfies Assump- 
tion \8.9[ Let Qo be the point in Lemma \8^ (we use the notations in Remark 
fO) . Let 

/+ = {(0,r2)|l < r2 < e}, I = {(0,r2)|e-i < rs < 1}, 

J+ = {(0,r2)|l < r2 < e/2}, r = {(0, r2)|2(e)-i < < 1} 

and I = U . Then there is a constant Cn > independent of k such 
that either one of the following cases holds: 

(1) max H{q) < Cn minif, namely, for any q E \ J+, q"^ qo,' 

qei+\J+ M 

(2) max H(q) < Cumini/, namely, for any q E \ , q^^ qoi 

(3) for any (0, s) E , there is a point r{s) with ri{s) < 6,r2{s) = s such 
thatr{s)"^qo and 

max if < Cii max H{q), 

where Tg is the segment {(ri,r2)|ri < ri(s),r2 = s}. 

First we explain the main idea of the proof of Lemma I8.10[ By a coordi- 
nate transformation, we may identify and Q^o. For simplicity, we assume 
that = (cf. fl8.2p ) and the coordinate transformation is 

Then we have an identification between Q^o and by r° = ri,r2 = r^^. 

Step 1. We will construct a curve L given by r/ : M — )• 1] = {0 < ri < 1/2} 
such that 

1. logr2(r7(t)) — i- ±oo as t — !■ ±oo; 

2. there exist positive constants A^^i and Co independent of k such that for 
any t 

F^riit)) + Nil logr2(r/(t))| + Co > F^q^), (8.5) 
F^o{7]{t)) + iVil logr°(r/(t))| + Cq > F^o{q,) = F^ (8.6) 

Here F^o(q^) = F^{qo) follows from Lemma [H31 
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3. L, the ri-axis and the r2-axis bound a connected domain in Q. We 
denote the domain by Q^. 

We postpone the construction. We give the proof of Lemma I8.1UI by 
assuming the existence of such a curve L. 

Step 2. For any m > 1 large and (0, 6) G J^, define 

VL^{h,m) = {(ri, G ri*|6 < r2 < m}, 

(l^(b,m) = {(ri,r2) G r2^|m^^ < ''"2 < 

Let m)(resp. m)) be the component that contains {(0,r2)|6 < 

f2 < m}(resp. {(0,r2)|m~^ < ''"2 < b}). 
Consider the function 

Pb = log -NU + a hgrl + (3\ logrj - logb% 

= logW^o - NUo + a\og{r°f + /3| log(r2°)2 + \ogb\ 

By the calculation of Lemma 18.31 and the choosing of A^, it is easy to see that 
in Q^{b,m) and Q~{b,m) 

DPb < 0. (8.7) 
In order to have Pb = P^, we let a satisfy 

(ao - 2) - Nco + 2a = 0. 

/3 > I a I is a large constant to be determined later (cf. fl8.10p ). 

Proof of Lemma lS.lOi We apply the minimum principle to Pb on flt{b, m) 
and m). Then the boundary of Q^{b,m) consists of three parts: 

dl.cL, dl,c{r2 = b}, d^c{r2 = m}. 

Similarly, the boundary of {b, m) consists of three parts: 

d-f, C L, d-f^ C {r2 = b}, C {r2 = m"^}. 

By (18.71) we conclude that Pb cannot attain its minimum at an interior point 
in f2+(6, m)(resp. Q~{b,m),). 
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r, =b 



Figure 1: 

We consider in VL'^{h,m). Noting that Q^{b,m) C {r^ < |,r2 < b'^}, 
we have logWg^^ has uniform bound independent of m. By Theorem 17.11 we 
obtain that in fl^{b, m), 

log W^o = log Wg,^ -\ogH> -Co 



for some constant Cq > independent of m, where we used Theorem 17.11 
Combing this and \f^o —g^o | < Ci we have log W^o — Nf^o > —C[ in fl^{b, m). 
When /3 > la I, a direct calculation give us lim P? = +oo. By the same 

argument we have lim Pf, = +oo. Since P^ = P^°, by choosing m large (this 

is allowed to depend on f), we can assume that the minimum point of P^ 
cannot be on c}3"(resp. d^). 
We discuss three cases. 

Case 1. There is (0, b) G such that on f2jr(6, m), Ph achieves its minimum 
at G d^^. Then for any q ^ \ J"*", Ph{(l) > Pbiv^)- On the other hand, 



FM) + Ni logr2«) + Co > F^{qo) 



(8.8) 



Since xi«)g^(t;+) < 0, X2{vt) > 0, \u\ < Ci and 
C2 = diam(A), we have, at 



dx2 



< Co with 



U = ^ - u< C2X2 + Ci. 
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Choose 

(3 = \a\ + 2NC2 + 2Ni + I. (8.10) 

Note that Pb = - 2N U + (a + (5)x2 - /3 log 6^, which together with ([H]) 
and (18.91) give us 

FM)>FMo)-C^, (8.11) 
where C3 > 1 is a constant independent of k. Choose 

U = e'^-'{N')\ (8.12) 

where 

N' = exp I^Xl ( 

rnax | log Wg^ \ + niax A^(|(7^| + Ci)^ j' . (8.13) 

Since |/^| and | logPVc,^! uniformly bounded at Qo and in /+, (18. lip says 
that q"^ Qo- (1) is proved. 



Case 2. There is (0, b) G such that on ^^{b, m), Pf, achieves its minimum 
at v~ G d^f^. Since Pb = P^, we consider the function P^ in fi^{b, m). By the 
same argument as Case 1 we can prove (2). 

Case 3. For any (0, b) G J^, the minimum of Pb on ^^^(6, m) is achieved at 
v^{b) G d^b and the minimum of Pb on VL^{b,m) is achieved at v^{h) G ^2"^. 

For any (0, s) G J'^, set r2(s) = s and let r(s) G L be the point such 
that for any (ri,s) G L, ri(s) > fi. Obviously, ri(s) > ri{v^{s)) and 
ri(s) > ri{v-{s)). Since /^io, logr2, logra, log H/^^ and logW^^^ are uni- 
form bounded in {ri < |, < r2 < e}. Then from 

Pb = \ogWg^ - \ogH - NU + alogr^ + /3| logr^ - logfe^j 
P° = logiy,,„ -\ogH- NUo + alog(r°)2 + /3| log(r°)^ + \ogb\ 
we derive (3) of Lemma 18. 101 q.e.d. 

Construction of L in Step 1. Let x(6) be the maximum point of in 
Box(|; b). Note that F^(qo) = maxF^. Then by the definition, we have 

X(l) = go, F4xil)) < F^Qo). 

Let a > F^{qo) — 1 be a regular value of F^ and be between F^(x(|)) and 
F^(qo). Set f/ = P7^([a, 00)) and U = 11(1^1. Let t/' be the component of U 
containing qo- 
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Lemma 8.11 dU' either goes to r2 = oo or hits {ri = |}- 

Proof. If Lemma is not true, there are two positive constants C, ei such that 
for any g G f/', 

Since is continuous, by the definition of U' we conclude that F^\qu/ = a. 
By the maximal principle of the subharmonic function, we have 

F^q) = a and DF{q) = 0, Vg G U' . 

On the other hand, F^ is a strictly subharmonic function, we get a contra- 
diction, q.e.d. 

We are now ready to construct a curve L"*" given by 77+ : [0, 00) — )• t/' as 
the following: 

(1) . r/+(0) = qo; 

(2) . if the boundary dU' meets {ri = i}, let g+ G 9f/' n {ri = i}. We let 
77 "'"([0,2]) C f/' be a curve satisfying ri'^{0) = qo, ''7^(2) = q^. Notice that, 
by the assumption 18.91 r2(g"^) > 

(3) . continue (2), suppose g"*" = then let 

fj+{t)= Q,s + (t-2)^ ,t>2; 

(4) . if the boundary dU' goes to r2 = 00, let G dU' fl {r2 = 00}. We let 
r7"'"([0, +C)o)) C f/' be a curve satisfying fi~^{0) = qo, r/"*"(oo) = q°°. 

Symmetrically, we may consider F^o on Q and construct another curve 
defined in (— oo,0]. Then it matches L"*" at the starting point qo and 
goes to {r2 = 0}. Let L be the union of L"*" and L~ given by fj. Thus 
fi(t) = fi~^(t), Wt > and fjit) = fj~{t), \ft < 0. Then by the construction, 

lim logr2(?7^(t)) = +00, lim \ogr2{rj^ {t)) = —00. 

It is possible that L has self-intersections. We can modify it such that the 
new curve L ( the part of L) has no self-intersections. For example, if fj has 
only a self-intersection with rjiti) = fj{t2), ti < ^2, then we let 

r]{t) = f]{t,), Vt G [ti, ^2], V{t) = V{t), Vt G (-00, ti) U (t2, +00). 
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Denote the curve ?7(t) by L. Then 

hm \ogr2{rj{t)) = +00, hm \ogr2{ri(t)) = —00. 

t—^+OO t^ — OD 

It is possible that L+ fl 7^ 0; in this case it is possible that Qo ^ L, but we 
still have 

r]{0) G L+ n L- C {(ri, r2)\r, < i ^ < ^2 < 2}. 

Since |/^| and | logVTg^l are uniformly bounded in {(ri,r2)|ri < |, | < r2 < 

2}, r7(0) Qo- For simplicity, we assume that r]{0) = Qo- 
We only need to prove (18.51) and (18. 6p . 

Lemma 8.12 There exist positive constants Cq and Ni independent of k 
such that for any q E L 

F^q) + N,\ logr2(s)| + Cq > F^- (8-14) 

Proof. By the construction of L"*", for any point q that were constructed 
in steps (2) and (4) we have 

F4q) > - 1. 

The claim is obvious except for the points that were constructed in step (3). 
We now prove for q = fj~^(t),t > 2, that 

F^q) = logW4q)+Nf4q) = - log det(a|,. u)-2 log ri-2 log r2+Ar/^(g)+log4. 

Since ri(g) = |, det{dfjU) > C4, we conclude from (18. 9p that F^(s) < 
Clogr2 + C In particular, by > a we have 

F4qo) < F^q-^) + 1 < Clog|r2(g+)| +C". (8.15) 

On the other hand, by (18. 3p and (18.41) we have 

F4q) = logiy^.(g) - 2{Nco - 2) logr°(g) + iV^.(g). 

Using the upper bound of H and uniform bound of W", we have 

log W^o{q) = logW^,,„(g) -\ogH> -C. 
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Therefore, 

F4q) + N"\ogr2iq) + C" > (8.16) 

where A^" and C" are positive constants independent of k. Combining f l8.15p 
and fl8.16p . we prove that for any q G L^, 

F^q) + {N" + C)\\ogr2{q)\ + C" + C + 1 > F^q,). (8.17) 

By the same argument we can obtain that for any q G L~ 

F,o{q) + {N" + C)\ logr°(g)| + C" + C + 1 > F^- (8-18) 

Choosing A^i = 2N" + 2C + A{Nco - 2) and Co = 2 + 2C' + 2C". Note that 
F^o = Fff + 2{Nco - 2)logr2 and |logr2| = |logr2|. We prove fl8.14p for 
s G L~ . q.e.d. 

Hence Step 1 is finished and Lemma [8. 101 is proved. 
Remark 8.13 For any 6i > 62 > c > a2 > cti > 0, let 

/+ = {(0,r2)|c< r2 < 61}, /- = {(0,r2)|ai < < c}, 

J+ = {(0,r2)|c< r2 < 62}, J' = {(0,r2)|a2 < < c}. 

By the same argument as in Lemma \8.1(\ we can prove that there is a con- 
stant C12 > independent of k such that either one of the following cases 
holds: 

(1) max iJ(g) < C12 mini/; 

q&i+\j+ M 

(2) max H{q) < Ci2minii; 
q&i-\J- 

(3) for any (0, s) G there is a point r(s) with ri(s) < S,r2{s) = s such 
that r(s) '~" go 

max H < Ci2maxii(g), 

/+U/- ^SFs 

where Tg is the segment {(ri,r2)|ri < ri(s),r2 = s}. 
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8.3 Proof of Theorem [831 



To prove Theorem 18.11 we need the following lemma, the proof of which is 
the same as Lemma 7.16 in [9]. 

Lemma 8.14 Let z* & Z . Let f be a function in the sequence fk that 
satisfies Assumption \8.9[ . Suppose that in B2a{,z*), fC <Cq for some constant 
Co > independent of k. Then there is a constant c > 0, independent of k, 
such that there is a point z° in Ba{z*) satisfying 

d{z",B2aiz*)nZ) = C. 

Obviously c < a. Hence d{z°, Z) = c. 

Proof of Theorem 18.11 The upper bound is proved in Theorem 17.11 Now 
we suppose that there is no positive lower bound. By choosing a subsequence 
we can assume that min(iffj.) — )■ 0. Let / be a function in the sequence fk 

that satisfies Assumption 18.91 Let Qo be the point in Lemma 18.71 Let and 
{}" be two vertices next to each other such that qo G B^^ fl B^o . Let i be the 
edge connecting and ■(9°. Choose the coordinate in t* as the following: (1) 
-d at the origin; (2) £ on the ^2-axis; (3) the other edge of on the ^i-axis; 

(4) Ac{eiei>o,6>o}. 

Let G t and := H A be a half e-disk such that 

dE{V\ dA\i)> 5a, \K\ > 5o > 0, on V^. 

for some (5o > independent of k. By dE(T>^,dA \i) > 6o and max^Uk — 
min^Mfc < Ci, we have 

diu < Co, \d2u\< Co m 

for some constant Co > independent of k. Let j9* = (0,q) G V^,i = 1, ..5, 
be the points with ci < C2 < C3 < C4 < C5. By the C°-convergence of Uk and 
> C7, we have for i = 1, ..,4 

d2u{p'+^) - d2u{p') > eo (8.19) 

for some positive constant eo independent of k. Let Oj = lim exp{^d2Uk{p^)} , 
i = 1, .., 5. Without loss of generality we assume that 

12 e 
ai = -, a2 = -, as = 1, ^4 = 05 = e 
e e 2 
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(for general case, we use Remark 18.131 and the same argument). Then we 
have 

43+5i,C4-5i C r^,(J+), ec,+5,,c,-s, C r;,(/+\J+), (8.20) 

4i+5i,c2-5i c Tf^{r\J') 

as k large enough, where 6i = min . Let fii := tJ^{V^). 

Now we discuss three cases. 
Case 1. Suppose (1) in Lemma [8. 101 is true. Set I = \ J"*", then 



max/ffs) < Ci2 miniJ. 



(8.21) 



Let 3* G 2' such that Tf{j)^) is the middle of 44,C5- Set g* = Tfi}^). By Theorem 
6.71 and (18.201) we can find a geodesic ball -820(3*) such that -820(3*) ^ fii, 
where a > is a constant independent of k. Since VFg is uniform bounded in 
it follows from <K2\\ that 



W{z) < iVi minH^(g) < N,W{^,), \/z e B^^ih 



(8.22) 



for some constants A^i > independent of k. It follows from Theorem 14.131 
and fl8:22|) that 

/C < Ci in Baih) (8.23) 

for some constant Ci > independent of k. By f l8.22p and (18.231) we obtain 
that / satisfies the assumption in Lemma [4.101 Applying Lemma [4.101 with 
a = A'^iW^(3*), we can find a constant C2 > independent of k such that in 

Ba/2{h)j 

W 



^ < C2. 



Notice that \E' = ||VlogH^||j. Let a' = min(a/2, ^^^); we have, for any 



< 



W{z) 



4 3 
< -. 

- 2 



(8.24) 



On the other hand, by Lemma r8.14[ there is a p' G Tf^{Ba'{^*)) such that 
d{p', dA) = c' for some constant c' > independent of k. 
We claim that 
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There is a constant C > independent of k, such that ^i(p') > C. 
Proof of the Claim. If the Claim is not true, lim ^i(Pfc) = 0. Without loss of 

fc— ^-oo 

generality we can assume that d2Uk{p'^ = O(for general case, since \d2u{p')\ < 
C we can use u—d2u{p')S,2 instead of m, and use the same argument). Consider 
the function u* = u — diu{p')^i. Then u*{p') = inf m*. By Lemma 7.5 in |9] 
we have 

Mu* -u*{p)>C3>0 (8.25) 

for some constant C3 > independent of k. Since diu{p') < Co, we discuss 
two subcases. Subcase 1 diu{p') < 0. Then 

inf u — u(p') > inf u* — u*(p') > C3. 

e I 

Subcase 2 < diu{p') < Co- Then by lim ^i{p'f.) = we have 

C- C 

inf u — u(p) > inf u* — u*(p) > — , 

as k large enough. 

For two cases we have inf^-u — u{p') > By this and Proposition 16. 
we get a contradiction. The Claim is proved. 

Let z = V"(]9') G Ba'{])*) be the corresponding point of p' . Following from 
the Claim and the interior regularity, W{z) is bounded as C^^ <W{z) < C 
for some constant C independent of k. By ( I8.24p . Wij)^) is bounded above, 
therefore -^(3*) > C5 > for some constant C5 independent of k. This 
violates the assumption that Hk{2i*k) — )■ as A; — )■ 00. Therefore, we get a 
contradiction when (1) in Lemma [8 . 1 1 holds . 

Case 2. Suppose that (2) in Lemma [8.101 is true. The proof is the same as 
Case 1. 

Case 3. Now suppose that (3) in Lemma [8.101 is true. For each (0, s) G J^, 
let 3(5) = (0,s), and p{s),q{s) be the image of r(s),3(s) via r/. If there is a 
point (0, So) G J+ such that d{so) = 0, we have 

maxH < Cu maxH{q) = CuH{r{so)) < Cl^minH. 

Then repeating the argument of Case 1 we obtain the Theorem. In the follow- 
ing we assume that for any (0, s) G J"*", d{s) > 0. Set d{s) = d{£,p{s)). Define 

B{s) = {^ei\dE{^,q{s))<d{s)}, 
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and 

As) = 7^ [ dl,ud^2- 
We need the following lemma. 



Lemma 8.15 There are a constant C13 > independent ofk and (0, s) G 
such that 

A{s) < C13. 

Proof. By I^M) we have ic^+s^c-s, C r/(J+). Then {^(7), (0,7) G J+} 
covers ic3+Si ci-Si- By the assumption lim miniJ^ = and the interior reg- 

' fc— >oo M 

ularity we have lim max dk{s) = 0. In fact, if there are a constant Co > 

fc-s-oo (o,s)e j+ 

and a subsequence of Uk, still denote by Uk, such that max(ifc(s) > Cq, 

seJ+ 

for some constant Cq > independent of k, then as in Case 1 we have 
minif > CiiH{r{s)) > C3 for some constant C3 > independent of k. It 

contradicts to the assumption lim minify = 0. Then we can assume that for 

k^oo M 

any 7 G 

By the compactness of £c3+5i,c4-5i there are finitely many sets {-B(7j)}^i 
covering icg+Si,c4-Si, such that for any l<i<j<k<N 

5(7,)n5(7,)nS(7,) = 0. 

Then we have 

N 

|C4 - 25i - C3I < 5^ |5(7,)| < 2|c4 - 2(5i - C3I, 



and 



^ " " ' du , du 



Then there is a point s G {7i}f^ such that 



/B(.)^2W6^2||i(p^)-|i(p3) 



- |c4-2(5i-C3| 
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Since the right hand side is a constant independent of k, we have proven the 
lemma. ■ 

Now we focus on T{s), where (0, s) is provided by Lemma [8.151 There are 
three special points: two ends 3(5) and r(s), and v{s), where v{s) is an H- 
maximal point on T{s). Let q{s) , p{s) , p{s) be their images via r respectively. 

It follows from fl8.20p and Theorem 16 . 71 that there are two constants a,b > 

independent of k such that 

BMs)) U BMs)) U BMs)) C D,{p{s)), D,{p{s)) CC V (8.26) 
if k is large enough. Then by minH > CiH{r{s)) we have 

maxW < CW{r{s)). 

Without loss of generality, by translation, we assume that C{q{s)) = 0. We 
add a linear function to u such that the minimum point of u is p{s). Such a 
modification does not affect pp^^- At the mean while, we notice that q{s) 
becomes the minimum point of u on the boundary (this is due to the fact 
that r{s) and 3(5) have the same X2 coordinate). 
Consider the affine transformation (y4i,Ai), where 

^(6,6) = («i6,/3ie2), \l = a^ = {f3^f = [d{s)]-\ 
Let u° ,p°{s),V°^, ... be the corresponding objects of u,p{s),V^, .... Then 

Under this affine transformation B{s) is transformed to (t2)_i,i = {(0,.^2)l ~ 

1 < 'C2 — -'-}• By a direct calculation, we have 

Lemma 8.16 For u° we have the following facts: 

(1) , d{p\s)M) = l; 

(2) , W°{z) < CW°{r°{s)) for z G 

(3) , e?det >C5; 

(4) J d{£°)'^ — i^2)~c,c where c = b[d{s)]~^ andb is the constant in f l8.26p ; 

(5) , ||^|<2Ci3 on (t^)_i,i. 

(6) , 

W{r{s))) _ W°{r°{s))) 
W{v{s))) ~ W°{v°{s)) 
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Proof. (1) follows from that rf2(p°,t*) = Xid'^{p,il). By W°{z°) = (3fW{B^^z°) 
and rnaxf^^ W < CW{r{s)) we obtain (2) and (6), here Be denote the trans- 
formation on induced by transformation [Ai, Ai). Noting that 



from Lemma we have (3). (4) follows from Lemma ESI Since d2U°{0) = 0, 
for any p G i^i^i we have 



du° 



-ip) 



9^2 

where the last inequality follows from Lemma 18.151 Then (5) follows, q.e.d. 

For every Uk we apply the above affine rescaling to get u^.. Since dk{sk) — )■ 
as A; — 7- oo (see the argument of the proof of Lemma fS.lSp . we have 

lim max ||5(ufc°)||c'3 = 0. 

A;— 5>oo T>°^ 

k 

By Lemma [8. 161 we conclude that u'^ satisfies the conditions in Theorem IA.2I 
It follows that ul locally uniformly C°°-converges to a smooth and strictly 
convex function -u^. In particular, there is a constant Cq > 1 independent 
of k such that 

Co' < W^.irlis,)) < Co. (8.27) 

Let be the limit of pl{sk). If ^ i^] then by the smooth convergence of 
ul we can find a constant Cq > 1 independent of k such that 

{C'o)-' < W^Mis,)) < CW^irlis,)) < C'o. (8.28) 

as k large enough. 

Now we assume that p°^ G i*2. Noting that Theorem 14 . 1 3 1 holds in Ba{v{s)) 
and max/ if < CiiH{v{s)), we obtain 

K<C. "^ C.™ »Bv.(«W). (8.29) 

mm/ VK W[v[s)) 

Applying Theorem IA.2I we have that B^{p°) is bounded in a Euclidean ball 
Ds{P°), where e,6 are the constants in Theorem IA.2I By f l8.27p we obtain 
that W° < CW°{r°{s)) < CCq in B_a_{v°{s)y, moreover, 

W°(^°(g)) ^ 2^^ W{vis)) ^^ ^2( ) B^{v%s)). (8.30) 
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Since lim dk{sk) = 0, by 08.271) and (18.301) we have 



lim 

k—^oo 



[Sk)) 



max 



0. 



Then by Lemma 14.1 ![ we conclude that W^{vl{sk)) is bounded below. For 
both cases we have fl8.28p . Then back to Theorem 14.131 we have /C^ < C 
for some constant C > independent of k. We are now back to the first 
case. Then we repeat the argument after fl8.23p to get a contradiction. This 
completes the proof of Theorem 18. 1[ ■ 



9 Proof of Theorem 1.1 



It suffices to prove Theorem 13. 7^ by Remark l3.9l and Remark I3.1UI We already 
have the interior regularity. It remains to prove the regularity on divisors. 



9.1 Regularity on edges 

Let ^ be any edge and ^^^'> G ^ such that \S{^'^^^)\ > 0. Recall that fk = g + 4>k, 
where fk,g are Legendre transform of Uk,v respectively; and 0^ e C^(M). 
By Remark 13.91 and Remark 18. 131 we can assume that |iSfc| > 5 > in 

n := {{zuZ2)\\og\z,\' < ^, lloglz^n < 1 }, Da{^^''>) C Tf^in) 

and |-2i(3[f'')| = 0, |-Z2(3i^'*)| ~ where S,a are positive constants independent 
of k, ^If' G whose image of the moment map is 

We omit the index k if there is no danger of confusion. By Theorem 16. 7[ 
we conclude that there is a constant e > that is independent of k such 
that is uniformly bounded in Da{$,^^^)- Then 5^(3*'^^) is uniformly 

bounded. Hence, on this domain, we assume that all data of ge are bounded. 

Then we conclude that on B^{'^^^^) there is a constant C > independent 
of k such that 

1. C^^ <W < C: this is due to the bounds on Hf and Wg^ on B^{i^^^)] 

2. IC < C: this follows from Theorem 18 . 1 1 and Theorem 14.131 
Hence, by Theorem 14. 12^ we have the regularity of f on B^(^^^^). 
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9.2 Regularity at vertices 



Let be any vertex. By the results in section I9.H there is a bounded open 
set fl^ C U^, independent of k, such that G r(f2^) and the regularity of 
holds in a neighborhood of dQi). 

We omit the index k if there is no danger of confusion. We now quote a 
lemma in [5]. Let / = Recall that (p = f — g E C^(M), where f,g are 
Legendre transform of u, v respectively. Let 

T = J2 f\ P = exp(/€iy°)v^^, Q = e^i(l"l'-^)yWT. 

Then 

Lemma 9.1 Let Q G U^. Suppose that on Q 
max I |iS| + 

for some constant Co > independent of k. Then we may choose 

A = C^ + 1, Ni = 100, a = ^,K= [4C|]-' (9-2) 

such that 

□ (P + g + Cr/) > C6(P + g)' > (9.3) 
for some positive constants Cg and Ci that depend only on Cq and n. 

We apply this result to Q^. We then have that P and Q are bounded 
above. By Theorem 18.11 we have W is bounded below and above in Q^. It 
follows that T is bounded above. Therefore we have a constant C such that 

<Ui<U2<C, 

where ui and z/2 are eigenvalues of (/jj). 

It is then routine to get the regularity on Q^. We have proved that 

(pk uniformly C°° -converges to a function (p G C^(M) with S{(f) + g) = 

We have finished the proof of Theorem 13. 7[ 

Appendix 




<Co, W<Co, \z\<Co (9.1) 
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A A convergence theorem 

Let u G C°°(h*,t;h.;i^o). On Uh-, let Zo = V"(po). 

Suppose we have a sequence of normalized triples {uk,Pok,Pk){cf. section 
with 

lim max||5(Mfc)||c3(h*) = 0. 

Definition A.l Let N = max(100, (100 + C)b), where b is the constant in 
Theorem \4.9\ and C is the constant in fl6.11l) . A normalized triple {u,Po,p) 



is called a bounded normalized triple if it satisfies 



W < CiW{zo) m Bn{zo)] (A.l) 

<lei{dlu) > (Ci^i)-i; in h* (A.2) 

dl^uk > Cr'; (A.3) 

\d2um<Ci, V^G(t;)_i,i. (A.4) 



In this section we prove the following convergence theorem. 

Theorem A.2 Let {uk,Pok,Pk) be a sequence of bounded normalized triple 
such that 



lim max \\S{uk)\\c3(h*) = 0. 



Then 



(1) there is a subsequence Uk„ such that pok„ converges to a point pooo, and 

locally uniformly C^-converges to a strictly convex function u^o in 
the interior of h*, 

(2) there exist a subsequence Uk„ and two constants e,6 > 0, independent 
of k, such that 

B^-iPkJnh* cDsiPkJnh* 

and in Ds{pkJ n h* 

\d2UkJ < Ci5,(9iUfc„ < Ci5 

for some constant C15 independent of k. 
To prove Theorem IA.2I we need the following lemmas. 



56 



Lemma A. 3 Let {uk,Pok,Pk) be a sequence of bounded normalized triple 
such that 

lim max \\S{uk)\\c3(h*) = 0. 
Then there is a constant Ciq > 1 such that 

Proof. Let m be a function in the sequence Uk in the Lemma. The proof of 
^i{Pok) > is essentially the same as Lemma 7.9 in [9]. In the following 
we assume that lim ^i(pofc) ~^ oo. Consider a coordinate transformation 

fc— >oo 

ii = -, 6 = 6 + b^u u{0 = 6 - abi,), (A.5) 

a 

where a = ^i(po)- Obviously by the assumption we have lim = +oo. 

Denote by Po the image of Po- Choose b such that ^2(^0) = 0. Let pi = 
(0, — l),p2 = (0, 1). Following from (IA.4P we have 

< u{Pi) < Ci, i = 1,2. (A.6) 

Take the triangle ApiP2Po- By the convexity of tt^, (16. lip and (lA.Op we 
conclude that Uk locally uniformly C^-converges to a convex function in 
ApiP2Po- Then for any nonempty open set U CC ApiP2Po, we have 

MA^iU) = [ det{df^u)d^ < C3 (A.7) 
Ju 

for some constant C3 > 0, as k large enough. Here MAu{U) denotes the 
Monge- Ampere measure of U. On the other hand, it follows from det{dfjU)^i = 
adet{dfju)^i and flX2|) that 



det{d^.u) > aC^\iiy\ {A.i 



where df,u = ^ . Since lim ak = +00, by (lA.SP we have 



lim MAu,{U) = +00. 



It contradicts to flA.lOp . The Lemma is proved. 



57 



Proof of of Theorem IA.21 We omit the index k. We first prove (1). By 
Lemma [A. 3 1 we can assume that C,i{Po) = 1- Consider a coordinate transfor- 
mation 

6 = 6, 6 = 6 + <i, u{0 = 6 - 

Denote by po the image of po- Choose a such that 6(Po) = 0. Let pi = 
(0, —l),p2 = (0, 1). Following from (1A.4P we have 

< u{pi) <Ci, i = 1,2. (A.9) 

Take the triangle ApiP2Po, By the convexity of Uk, fl6.1ip and (IA.9P we con- 
clude that Uk converges to a convex function Uoo in ApiP2Po- It follows from 
det{dfju)^i = det{dfju)^i and flX2|) that 

det(aj.w) > C^\ii)-\ (A.IO) 

Using Alexandrov-Pogorelov Theorem and the methods of the proof of Theo- 
rem 3.6 in we conclude that pok converges to a point pooo and Uk uniformly 
C^-converges to a strictly convex function in a neighborhood of Pooo- In 
particular, there are positive constants C[,C'2 and a independent of k, such 
that 

< < Wkiq) < C'„ Vg e r-^'iS.a,iPo,a)). (A.ll) 
A direct calculation gives us 

exp{-akRez2)Wk = Wk, JCk = JCk. (A.12) 
Obviously Wk{zok) = Wk{zok)- Note that 

^ = ^M-aReUm^, > exp{-aRez2{z)}^. (A.13) 

where we use (lA.llll in the last inequality. From these equations and the 
convergence we conclude that \ak\ has a uniform upper bound. (1) of the 
theorem is proved. 

Next we prove (2). Take a coordinate translation ^* = C, — ^{Po)- Then 
e(Po) = and 
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By the same argument as in section 15.21 ( Lemma I5.3[ Lemma 15.41 and Lemma 
15. 5p we obtain that for any p G -El]^ ^ 

logdet (^^) (p) < C'^il - \ogdE{pA;)) = C'^il - \ogUp))- (A.14) 



On the other hand 

logC; > logW{zo) + logCi > logiy = -logdet(5,,M) - — , 

where in the first inequahty we use the result in (1). Combining this and 
flA.14p we have 

fill 

-7^<C73(l-l0g6). 

By integration we can obtain for any < 1, |^2| < 1, 



where C4 is a constant independent of k. Using dAAfj we obtain that for any 

(t^)_i,i 

Hp)-uiq)\<C,\Up)-UQ)\, 

where Ci is the constant in (IA.4p . Then for any constant 6 G (0,1), we 
obtain the Co-convergence of Uk on E^-^_^_^-^_^. By the same argument as in 
Proposition 16.61 and Theorem 16.71 we can prove (2). ■ 

B Construction of Scalar Curvature 

Fix a point qi inside i. We assign a sign sign(£) = ±1 to qi. Then we conclude 
that 

Proposition B.l There is a potential function v on A such that for any £ 

sign(£)K(q,) > 0, 

where K = S{v). 
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Let ^ be a edge. We choose a coordinate on t* such that £ — — 0} 
and is the origin. For any 5 > 0, let 

nlie) =: {e e A|6 < s}, n]{q,) -.= {e e A||e2| < \h 

and ^siqd = ^W) n ^Hqt). Set = A \ U ^Isi^)). 

We need the following lemma. 

Lemma B.2 There is a convex function such that sign(^)(S(u£) > m 
VLs{q(); and is linear on fl'^{i). 

Proof. Consider the convex function u = C,i log.^i + 1/^ where ip is a function 
of ^2- We compute S{u) = — '^u/j. By a direct calculation, we have 

Set ^ = ('022) We consider ^ to be a function of the following form: 

*-<2' + c. (B.2) 
Then S{u) — —2a. We may choose a to have the right sign. Now we have 

(f) := -022 = ^} ■ 
<2 +C 

By choosing c large, -022 is positive. 

Now we construct two convex functions a{^i) and ^{^2), such that 

• = C,i log^i when ^1 < S and is a linear function when $,1 >2S; 

• and /3(^2) = "0 when |,^2| < ^ and is a linear function when |^2| > 26, 
where ip is the function as above. 

Wc use a cut-off function to modify to be a non-negative function such 
that 0(^2) = a^l+c '^hen ^2^6 and vanishes when ^2 > 26. Then /3 can be 
constructed from such that /3" = and /3(0) = 0(O),/3'(O) = 0'(O). By the 
same method we can construct the function a{^i). 
Let Ui — Oi{^i) + l3{^2)- Then ue satisfies the lemma, q.e.d. 
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Proof of Proposition IB. 11 It is not hard to choose S and arrange the 
coordinate system when we construct ip such that 

nsiqe)C fl^'(0- (B.3) 

Let u = "^^Ui, where U£ is the function in Lemma lB.21 Then on Q^iQe), 
S{u) = S{ui). Hence, in fls^qi), 

sign{qe)S{u) > 0. 

However, u is not strictly convex. Let 

For e small enough, S{u) is a small perturbation of S{u) = S{ui) near qi. 
The proposition is then proved, q.e.d. 
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